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Q_i Abstract 

aT 

' In this paper we study analytic families of degree 2 parabolic-like map- 

pings (/a)asa- We prove that the corresponding family of hybrid conju- 
gacies induces a continuous map \ : A — Y C, which associates to each 
A G A the multiplier of the fixed point of the hybrid equivalent rational 
map Pa- We prove that, under suitable conditions, the map \ restricts 
to a ramified covering from the connectedness locus of (/a)asa to the 
connectedness locus Mi \ {1}. 

1 Definition 

Definition 1.1. Let A C C, A w D and let f = (f x : U' x -» t/ A ) AeA be a family 
of parabolic-like mappings. Set U' = {(A, z)\ z G U' x }, U = {(A, z)\ z G U\}, 
tt' f = {{\,z)\ z e Q' x }, n f = {(X,z)\ z e il x } and f(X,z) = (A, f x (z)). Then 
f in an analytic family of parabolic-like maps if the following conditions are 
satisfied: 

1. U',U,f2^ and flf are homeomorphic over A to A x D; 

2. the projection from the closure of VL'^ in U to A is proper; 

3. the map / : U' — > U is complex analytic and proper. In particular f{X,z) 
is continuous and holomorphic in (A, z); 

4. for each A G A the map f\ : U x — > U\ is a parabolic-like map with the 
same number of attracting petals in its filled Julia set; 

5. the dividing arcs move holomorphically, i.e. we have a holomorphic motion 

$ : A X 7a -> C; 

6. the boundaries of the codomains move holomorphically and the motion 
defines a piecewise C^diffeomorphisms with no cusps in z, i.e. we have a 
holomorphic motion 

B : A x dU Xo ->• C 

which is a piecewise C^diffeomorphism with no cusps in z (for every fixed 
A). Moreover, S A ( 7Ao (±l)) = 7A (±1). 
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Note that the fact that $ : A x j\ — > ^\ is a holomorphic motion implies 
that the map <E> extends to a quasiconformal homeomorphism whose restriction 
$a : 7a — ► 7a conjugates dynamics. 

Notation. As in \LLf . we will use through out this chapter both the notations 

• 7a : [-1,1] ->■ I7a,7a(0) = z x , 

• 7a + : [0, 1] ->■ f/Aj 7A- : [0, -1] J7a 5 7a±(0) = za, 7a := 7a+ U 7a-. 
1.0.1 Remarks about the definition 

Note that we require all the maps in an analytic family of parabolic-like maps 
to have the same number of attracting petals in its filled Julia set (see 11.11 
(4)). This condition is necessary to allow us to ask a holomorphic motion of the 
dividing arcs (see 11.11 (5)). Indeed, the dividing arcs for a parabolic-like map 
/; with no attracting petals in Kf. form a cusp at the parabolic fixed point. 
On the other hand, the dividing arcs for a parabolic-like map with a positive 
number of petals in Kf- form a positive angle on both the side of Kf, and the 
side of A/- , and it is well known that there is no quasiconformal map mapping 
a cusp to a curve with positive angle. 

1.0.2 Degree, Filled Julia set, Julia set and connectedness locus for 
analytic families of parabolic-like maps. 

The degree of the analytic family f\ is independent of A. Indeed, since the 
family f\ depends holomorphically on A, the degree depends continuously on 
the parameter, and since it is a natural number, it is constant, and therefore it 
is independent of A. Wc call it the degree of f. 

For all A £ A let us call z\ the parabolic- fixed point of f\, and let us set 

• J\ = J fx 

. K / = {(A,z) \zeK x }. 

The set K/ is closed in fi'j, and since the projection from the closure of VL'j 
in U to A is proper, the projection of Kj into A is proper. 
Define 

Mf = {A | K\ is connected}. 

1.1 Analytic families of parabolic-like maps of degree 2 

By the Straightening theorem in |LL) if / is a parabolic- like map of degree d = 2, 
/ is hybrid equivalent to a member of the family 

Peri(l) = {[Pa] \ P A (z) = z + l/z + A, A e C}, 

and if Kf is connected this member is unique (up to holomorphic conjugacy). 

Note that, if Pa x and Pa 2 are holomorphically conjugate, then (Ai) 2 = 
(A 2 ) 2 . Indeed, a Mobius transformation which conjugates Pa 1 and Pa 2 fixes 
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the parabolic fixed point z = oo and its preimage z = 0, and it can fix or 
interchange the critical points z = 1 and z = — 1. Hence a class [Pa] in Peri(l) 
contains two maps, i.e. 

[Pa] = {Pa, P-a}- 

In the following we will refer to a quadratic rational map of the family Per\(l) 
as one of these representatives of its class. 

The family Peri(l) is typically parametrized by B = 1 — A 2 , which is the 
multiplier of the 'free' fixed point z = — 1/A of Pa- The connectedness locus of 
Peri(l) is called Ml 

Hence if f = (f\ : U' x — > U\) is an analytic family of parabolic-like maps of 
degree 2, we can define a map 

\ : Mj ■ U. 
A B, 

which associates to each A the multiplier of the fixed point of the member [Pa] 
hybrid equivalent to f\. 

Note that for every ^4^0, the map Pa has a parabolic fixed point of 
parabolic multiplicity 1, while the map Pq = z + 1/z has a parabolic fixed 
point of parabolic multiplicity 2. Therefore, for every A ^ 0, a parabolic-like 
restriction of the map Pa has no attracting petals in its filled Julia set (for 
the definition of filled Julia set for a rational map and for the construction of a 
parabolic-like restriction of a map Pa see |LLj ). while a parabolic-like restriction 
of Pq has exactly one attracting petal in its filled Julia set. On the other hand, 
all the maps of an analytic family of parabolic-like maps have the same number 
of attracting petals in their filled Julia set. Each (maximal) attracting petal 
requires a critical point in its boundary. Hence, there are exactly 2 possibilities 
for the number of attracting petals in the filled Julia set of an analytic family 
fx of parabolic-like maps of degree 2. Either for each A G A the map f\ has 
no attracting petals in Kf x , or for each A € A the map f\ has a exactly one 
attracting petal in Kf x . 

In the second case, all the members of f are hybrid conjugate to the map 
Pq = z + 1/z, hence the map 

X : Mf -> Mi 

is the constant map 

A -> 1, 

(but this case is not really interesting). 

On the other hand, in the first case, all the members of f have no petals in 
their filled Julia set. This means that there is no A G A such that f\ is hybrid 
conjugate to the map Pq = z + 1/z, and finally the range of the map \ is not 
the whole of M\ , but it belongs to M\ \ { 1 } . This is the case we are interested 
in. 

The aim of this chapter is indeed to prove that the map \ extends to a map 
defined on A, whose restriction to Mf, under suitable conditions (see Definition 
14. 7[) is a ramified covering of M% \ {1}. Hence in the remainder of this chapter 
we will consider analytic families of parabolic-like maps of degree 2. 
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1.2 Persistently and non persistently indifferent periodic 
points 

Let (R\)\<£A be an analytic family of rational maps. In the paper 'On the dy- 
namics of rational maps' (sec [MSS] ). Marie, Sad and Sullivan introduce two 
partitions of A into a dense open set of parameters, for which the family is 
structurally stable, and its complement. In the first partition, structural stabil- 
ity is required on a neighborhood of the Julia set; in the second partition it is 
required on the Riemann sphere. In this section we study the first partition in 
our setting, since parabolic-like maps is a local concept. We will see that on the 
structurally stable set we can construct a holomorphic motion of the Julia set, 
and that the structurally stable set coincides with A \ dMf. 

Let f = (f\ : U' x — > U\) be an analytic family of parabolic-like mappings. An 
indifferent periodic point z' for f\ , is called persistent if for each neighborhood 
V(z') of z' there exists a neighborhood W{\q) of Ao such that, for every A G 
M^(Ao) the map fx has in V(z') an indifferent periodic point z x of the same 
period and multiplier. Hence, if for some A € A all the periodic points of /t 
are hyperbolic, then, for all A G A (since A is connected), f\ does not have 
persistently indifferent periodic points (cfr. jMSSj ). 

Let us define 

• I = {X \ f\ has in fl' x a non persistently indifferent periodic point}, 

• F = l, 

• R = A\F. 

Note that: 

1. for all A G A the parabolic fixed point zx belongs to dil' x (and not to r?' A ); 

2. the parabolic fixed point is persistent. Indeed, if f = (fx : U' x — > Ux) is 
an analytic family of parabolic-like mappings and Zq is the parabolic fixed 
point of fx , for each neighborhood V(zq) of zq there exists a neighborhood 
W(\q) of Ao such that, for every A G Vl^(Ao) the map fx has in V(zq) a 
parabolic fixed point of multiplier 1, by definition of analytic family of 
parabolic-like mappings. 

Proposition 1.2. Locally on R there exists a dynamic holomorphic motion of 
the Julia set, i.e. choosing Ao G R there exists a neighborhood W(\q) of Xq and 
a map t : W(Xo) x Jx — > C such that: 

1. \fz G Ja , t Xo (z) = z; 

2. t is holomorphic in X and injective in z; 

3. VAGiy(Ao), fx°Tx=rxo fx„. 

Moreover, for all X G W(Xq) the map tx ■ Jx — > C is quasiconformal. 

Proof. The proof follows the one in jMSSj . we give it here for complctncss. 
Let Aq G R, and let W(Xq) be a neighborhood of A isomorphic to a disk. 
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Claim 1.1. For every repelling periodic point z\ of f\ there exists an analytic 
map 

z : W(X Q ) -> C 
A -> z(A), 

smc/i t/iat z(A) is a repelling periodic of f\ of the same period as z\ a . 

Proof. Let z\ be a repelling periodic point for f\ of period k. Hence it is a 
solution of the equation ^(Ao, z) = —3 = 0, and since it is a repelling point, 
d z ip(Xo, z \ ) 7^ 0. Thus by the implicit function theorem there exists W x V{z<f) 
neighborhood of {Xq,Z\ ) such that VA € W 3lz\ 6 V(z ) : fx( z \) = z \, i-e., 
there exists a holomorphic function z(A) : W — > V{z<f) which associates to any 
A the z x such that fx(z\) = z x . Let A e dW f\W{X ). Then lim x ^ x z(X) = 
z(X) is a repelling periodic point of f x of period k, since W(Ao) C R. Then 
by the implicit function theorem there exists W x V(z(X)) neighborhood of 
(A,z(A)) such that VA 6 W 3\z\ £ V(z(X)) : fxi z \) = z \- By uniqueness, 
VA e n w, hence we can extend z\ to all of W^(Ao). □ 

Call B\ the set of the repelling periodic points of f\ a . Hence we obtain a 
holomorphic motion t : ^(Ao) x B\ a — > C of the repelling periodic points of 
fx . Indeed: 

1- t a = z o, i-e- t\ is the identity on Zq, 

2. VA S W(Xo) the map t\(z$) is injective, 

3. the map t 2 (A) = z\ is holomorphic by construction. 

Remark 1.1. The condition VA € W(Ao) fte map r> is injective is trivially 
satisfied because X € R. Indeed, injectivity means that if there exists X such 
that T\(zi) = T\(z2), then z\ = Z2- In other words, this means that the orbit 
t\(zi) = t(A,zi) will never cross the orbit T\{z2) = t(X,Z2), when z\ ^ Z2- 
The only case in which they can intersect is when two orbits T\(z±) and t\(zi) 
collapse in the same, i.e. when two hyperbolic periodic points collapse in the 
same parabolic one. Since we are in R, this cannot happen. 

Since the Julia set is the closure of repelling points, by the A— Lemma we 
obtain a holomorphic motion of the Julia set 

t : W{X ) x J Xa -> C. 

This holomorphic motion is dynamic. Indeed, if z$ is a repelling periodic 
point of period k for f\ a , by construction z\ — t\{zq) is a repelling periodic 
point of period k for f\. Hence r(A, z) is a conjugacy between repelling periodic 
points and therefore by continuity it is a conjugacy between Julia sets. □ 

Proposition 1.3. The dynamic holomorphic motion t : H^(Ao) x J\ — > C 
constructed locally on R in Prop. \1.S\ extends to a dynamic holomorphic motion 

t : VF(Ao) x U{J Xo ) C 

where U(J\ ) is a neighborhood of the Julia set J\ . 
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For a proof we refer to I.MSS, pg.210 — 215 (in the case f has Siegel disks or 
Herman rings see the proof in [S]). 

Corollary 1.1. Let W be a connected component of R. If X\,\2 S W, then 
K\ 1 , K\ 2 are quasiconformally homeomorphic. In particular, either W C Mf 
orWHMf = 0. 

Proof. If Ai, A2 G W, where W is a connected component of R, then J\ 1 and 
J\ 2 are quasiconformally homeomorphic (since there is a local holomorphic mo- 
tion of the Julia set). If K\ 1 and K\ 2 have interior, let Ki, Kj be the connected 
components of K\ 1 and K\ 2 respectively (K\ ± and K\ 2 have the same number of 
connected components, since the dynamics on J\ t and J\ 2 are quasiconformally 
conjugate). Let d, Gj be quasicircles in U(J\ 1 )nK\ i and U(J\ 2 )nK\ j respec- 
tively. Let <f>i : Ki — > B, <\>j : Kj — > D be Ricmann maps and define §i = 4*{Gi) 
and Sj = 4>{Gj). Then the homeomorphism ip := ^ o r o ^r 1 : — > Sj is 
quasisymmetric, hence it extends to a quasiconformal map $ : — > Dj. There- 
fore we can define a quasiconformal homeomorphism o $ o : Ki — > Kj 
between every connected component of K\ ± and K\ 2 respectively, and thus K\ t 
is quasiconformally homeomorphic to K\ 2 . 

Finally, either Ai,A2 G A//, or both Ai,A2 ^ Mf, since there can not be a 
homeomorphism between a connected set and a disconnected one. 

□ 

Proposition 1.4. (a) The interior of Alf C R 
(b) R = A\dM f 

Proof. The proof follows the one in |DHj . We give it here for completness. 
(a) Choose Ao G Mf, and suppose f\ has a non-persistent indifferent periodic 
point ao of period k and multiplicity n. Let V(ao) be a round disk neighborhood 
of ao such that ao is the only periodic point of period k in V(ao). Let Ao be a 
neighborhood of Ao in Mf such that for all A G Ao fx has in V(cto) n periodic 
points counted with multiplicity and Ao is the only parameter in Ao such that f\ 
has in ^(ao) a degenerate periodic point of period k. Let W(0) be a n-covering 
of Ao branched at 0. Then there exists a branched covering A : W(0) — > Ao, 
t — > t n + Ao, such that A(0) = Ao- Note that if ao is a simple indifferent periodic 
point, the map A is the transalations by Ao- 

Hence Vi G W(0) Ja X (t) G V(a ) : f\(t)( a Ht)) = a A(t), i-e., there exists a 
holomorphic map 

a : W(0) C 
t — » a(t), 

such that a(0) = ao and for all t we have that a(t) is a periodic point of period 
k and multiplier p(t) for f\(t), where 

p : W(0) —¥ C* 

is a non constant holomorphic function (holomorphic because the f\(z) is holo- 
morphic in both A and z, and non constant since the indifferent periodic point 
ao is non persistent). Again by the implicit function theorem the critical point 
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moves holomorphically, i.e. there exists a holomorphic map ui : W(0) —> C, 
t ->■ w(t), such that (/ A(t) )'(w(f)) = 0. 

Let (t n ) be a sequence in W(0) converging to 0, such that \p{t„)\ < 1 Vn. 
Then, for each n, is an attracting periodic point of period k for fx(t n )- 

Hence the critical point belongs to the attracting basin of a(t n ) (and 3i, < 

1 < A;, : /w t j(w(i n )) belongs to the immediate basin of attraction of a(t n )). 
Therefore, for each n, we have: 

/x(i^( w (*n)) as P 00 • 

Let us define the sequence 

F p : W(0) C 
t -> /J t f ( W (t)). 

Thus {FplpgN is a family of analytic maps (since fx are analytic) bounded on any 
compact subset of W(0) (indeed since X(t) £ Mf for every t, then F p (i) £ K X (t))- 
In particular it is a normal family. Suppose F Pn is a subsequence converging to 
some function h : W(0) — > C as t n — > 0. Then h(t n ) = a(t n ) for all n. Hence 
h = a and Fp — > a, by the uniqueness of analytic continuation. But in Vy(0) 
there are points t* such that |p(t*)| > 1, then a(t*) is a repelling periodic point, 
hence it cannot attract the sequence F p (t). Thus Mf fl / = 0, and since Mf is 
open, Mf n F = and finally A// C i? 

(b)For the previous corollary, if W is a connected component of R, then W C 
Mf or W n M/ = 0. This implies that RC\dM f = ®, Therefore R C A \ dM f . 
By (a) Mf C i?, then we need to prove (A \ Mf) C i?. 

For any A £ A, since d = 2 the map /a has a unique critical point u>\. If 
A G (A\M/) then wa ^ ^A- Hence wa G (U' x \ K\), and any periodic point of fx 
which is not the parabolic fixed point is repelling. Therefore (A \ Mf) fl J = 0, 
and since A \ Mf is open, (A \ Mf) C R. 

□ 

2 Holomorphic motion of a fundamental annu- 
lus A\ and Tubings 

In |LLj we proved that a degree 2 parabolic-like map is hybrid conjugate to a 
member of the family Per i(l), by changing its external class into /12, the external 
class of the family Peri (1). In other words we glued outside a degree 2 parabolic- 
like map / the map /12. More precisely, we constructed a quasiconformal C 1 
diffcomorphism tp between & fundamental annulus of the parabolic-like map and 
a fundamental annulus of h,2- Then we pulled back by ?p the standard structure 
o , and we obtained an almost complex structure a%. In order to spread o\ by 
the dynamics, we replaced the parabolic-like map with on A, and hence we 
obtain a bounded almost complex structure a invariant under the dynamics of 
the new map /. Finally, by integrating a we could costruct a parabolic-like map 
hybrid conjugate to / and with external map /i2- 

In this chapter we want to perform this surgery for an analytic family of 
parabolic-like maps, and we want to do it with some regularity with respect 
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to the parameter. Hence we start by defining a family of quasiconformal maps 
between a fundametal annulus of hi and a fundamental annulus of f\ which 
depends holomorphically on the parameter. In analogy with the polynomial- 
like setting we will call this family a holomorphic Tubing. Therefore we should 
start by constructing a fundamental annulus for hi and for (/a)aga 

In [LL] we already costructed a quasiconformal C^-diffcomorphism ip be- 
tween a fundamental annulus of the parabolic-like map and a fundamental an- 
nulus of hi- That construction shows that the fundamental annulus for hi 
depends on the parabolic-like map we started with. Therefore in this section we 
will first fix a Ao G A, construct a fundamental annulus for hi and one for /a , 
and recall the quasiconformal C 1 -diffeomorphism ip between these fundamental 
annuli. Then we will derive fundamental annuli for f\ from the fundamental 
annulus of f\ a , and we will construct a holomorphic motion between them. Fi- 
nally we will obtain a holomorphic Tubing by composing ip and the holomorphic 
motion. 

Notation. The term fundamental annulus is used here not in the sense of 
covering maps. 



2.0.1 A fundamental annulus A for hi 

The map hi(z) — fqfj^f is the external map of the family Peri(l) (cfr. |LL) ) . 
Let h 2 : W -> W (where W = {z : exp(-e) < \z\ < exp(e)}, e > 0, and 
W 1 = h^{W)) be a de gree 2 covering. Choose Ao € A. Let h\ be an external 
map of /a , and zq be its parabolic fixed point and define Jh Xo + = a \ a (l^a+)i 
7fe Ao - = QfAo(7Ao-) (where a : C \ K\ — > C \ D is the isomorphism which 
defines h\ ). Let 3/,,-t be repelling petals for the parabolic fixed point zq which 
intersect the unit circle and <f>± : S/,.± — > H_ be Fatou coordinates for h\ with 
axis tangent to the unit circle at the parabolic fixed point zq. 

Let S/,± be repelling petals which intersect the unit circle for the parabolic 
fixed point z = 1 of hi, and let <f>± : S/,± — > H_ be Fatou coordinates for hi 
with axis tangent to the unit circle at 1. 

Define 7+ = fa 1 (<t> hxo + (j hXo+ ))jaid 7_ = ^Z 1 ((/)h Xo -(jh Xo -))- 
Define A w = h 2 (A w jnA' w ), W = £l w U 7 U A w , W = h^(W), tt w = 
Cl' w fl W, A' w = A' w n W and Qw = Q, w \ Q! w . We call fundamental annulus 
for hi the topological annulus A = W \ {Cl'w U D). 

2.0.2 A fundamental annulus A\ a for f\ and a quasiconformal C 1 
diffeomorphism & : A —> A\ 

Let ip be a quasiconformal map between dU\ and the outer boundary of W, 
such that V(7a + (1)) = 7+(l) and ^( 7Ao _(l)) = 7 _(1). Let $a Ao : Aa -> &w 
be a quasiconformal C 1 diffeomorphism which extends by ip on dU\ and by 
4>^} ° 4 l h > , ± ct\ on 7a ± (cfr. the proof of Prop. 2.7 in [LLj V Define Aa = 

< o (Aw), A^a = $a' o (AW, ^a„ = (0 Ao U 7 a U A Ao ) C l/ Ao . 
Consider 
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$ a Ao ^2 o $a Ao on A' Ao 

Ao on ^A„ U 7A 



8 



Define U' Xa = f x {U Xo ), Q Xo = Ao \ fl'xg, and the fundamental annulus 

A\ = U\ \ Q'\ . Let f/> : dU Xo — > d{W U D) be quasiconformal map coin- 
ciding with V on the outer boundary of Q Xo , and let ip\ : dU'\ —> d(W U D) 
be the lift of tj' o f\ to ft 2 which preserves the dynamics on the dividing arcs. 

Let $q Aq : Q\ — > Qw be a quasiconformal C 1 diffcomorphism which ex- 
tends by i> on dQ Xo , by i>\ on dfl Xo and by ^Ijl 1 o 4> hxa ± o a Ao on 7 Ao± (cfr. the 
proof of Prop 2.7 in |LL] ) . Define a map tp : A X(1 — > A as follows : 

f ^ o^ o± oa Ao on7A ± 
^( z ) = \ *A Ao on A Ao 

I $q Aq on Q Xo 

This map is a quasiconformal C 1 diffcomorphism (see the proof of Prop 2.7 in 
|LLj ) and it extends quasiconformally to the boundaries. Therefore the map 
^ := i/'^ 1 : A — > A\ a is a quasiconformal C 1 diffeomorphism which extends 
quasiconformally to the boundaries. 

2.0.3 Holomorphic motion of the fundamental annulus A\ 

Define for all A G A the set a A = U x \ Of x . Then the set a A is a topological 
annulus. Define the map r : A x da\ — > da\ as follows: 

!$ A on 7 Ao 

B x on <9t/ Ao 

f^°B x of Xo ondU' Xo ndn' Xo 

Let us show that r is a holomorphic motion with basepoint Ao . 
Indeed: 

1. Vzo £ 7a i ?(^o) = ^AoC^o) = z o since $ is a holomorphic motion, Vzo G 
aC/ Ao , r(2b) = Id(z ) = z , and Vz G 0E^ O PI dft Ao , r(2b) = o /d o 

/a = z o; 

2. the map r is injective in z, since $ A and _B A are holomorphic motions with 
disjoint images on da Xo \ 7 An ±(±l), and f x : dU x — > dU x is a degree d 
covering; 

3. the map r is holomorphic in A, since $ A and £? A are holomorphic motions, 
and the map f x depends holomorphically on A. 

Since A « B, by the Slodkowski's theorem we can extend f to a holomorphic 
motion f : A x C —> C. In particular we obtain a holomorphic rnotion of the set 
A x U Xa . For every A 6 A define U x = t(U Xq ), and A' A = f(A' Ao ). Define for 
every A £ A the map f x as follows: 

7 i \ _{ to $ o ft 2 o vj/- 1 or^ 1 on A' A 

and the set U' x = f~ x x (U x ). Finally, define for all A e A the set A X = U X \ f2' A . 
Then the set A x is a topological annulus, and we call it the fundamental annulus 
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of fx ■ The holomorphic motion f : A x C — > C restricts to a holomorphic motion 



which respects the dynamics. Note that, by construction, this holomorphic 
motion extends to the boundaries, and the extension respects the dynamics. 

2.0.4 Holomorphic Tubings 

Define T := t o : A x A — > Ax- The map T is not a holomorphic motion, since 
T\ = $ ^ Id, but nevertheless it is quasiconformal in z for every fixed A £ A 
and holomorphic in A for every fixed z <E A. 

Definition 2.1. Let us denote by holomorphic tubing the map T:=ro$: 
A x A Ax- 
By construction T\ = To<I' = /<io<I' = t/j -1 : A — > Ax is a quasiconformal 
map which defines an almost complex structure /za which gives a straightening 
map. Indeed, for every A € A we define on Ux the Beltrami form fix as follows: 



For every A the map T\ is quasiconformal, then its inverse is quasiconformal, 
hence |/iA,o||oo < fc < 1 on every compact subset of A. On f2' A the Beltrami form 
fix,n is obtained by spreading fj.x,o by the dynamics of fx, which is holomorphic, 
while on Ax the Beltrami form fix,n is constant for all n (indeed on Aa the 
Beltrami form is defined by fix,a = T\*(cro), and H\,n = fJ-\,o, Vn). Hence the 
dilatation of nx,i is constant. Therefore ||^a||oo = ||ma,o||oo = sup z \fix{z)\ which 
is bounded. By the measurable Riemann mapping theorem ( [Ah] ) for every 
A e A there exists 4>x ■ Ux — > D quasiconformal map such that (0a)*Mo = Ma- 
Finally, for every A G A the map gx = 4>\ ° fx ° 4>x 1 i s the parabolic-like map 
hybrid conjugate to fx and holomorphically conjugate to Pa- 

Remark 2.1. By construction, the holomorphic motion f : A x Ax a — > Ax 
extends to a holomorphic motion of the boundaries, and the quasiconformal 
C 1 diffeomorphism ^ : A — > Ax extends as a quasiconformal map between 
closed annuli. Therefore, a holomorphic Tubing extends to a holomorphic tubing 
T : A x A — > Ax between closed annuli. 

2.0.5 Lifting Tubings 

By construction, a holomorphic Tubing T : A — > Ax extends to a holomorphic 
tubing T : A x A — > Ax from a closed fundamental annulus of hi to a closed 
fundamental annulus of fx (and the extension respects the dynamics, see 12.0.31) . 
In the case Kx is connected, it is possible to lift a Tubing to all of W \ B, while 
in the case Kx is not connected, we can lift a Tubing untill we reach the critical 

value. Indeed, define Ax,o = U\ \ f^A, Bxs = f^ 1 (Ax,o), A = Wx \ &w and 
B\ = /i 2 " 1 ( J 4o). Hence fx : Ba,i — ► ^4a,o and hi: Bi —> Aq are degree 2 covering 
maps, and, since by construction Tx{Aq) = ^4a,o, we can lift the Tubing to 



f : A x A 



Ax 
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T\ i := f x 1 o T\ o h 2 ■ B\ — > B\ t i (where A 1 , h 2 1 are the branches which 
preserve the dynamics on the overlapping domains). 

Let us set Ax,! = B x .i n U, 5 A ,2 = /^(Aa,!), Ai = B x n W and B 2 = 
h 2 (Ai). Hence fx : B x ,2 — > A x> ! and h 2 : B 2 — > -4i are degree 2 covering 
maps, and we can lift the Tubing to T x . 2 := Z^ 1 o X\ j o h 2 : B 2 ^ Bx.i (such 
that T Ai2 = T x ,i onB 2 C\B 1 ). 

Finally, define recursively Ax, n = B x , n nU, Bx, n +i = f^i^Kn), A n = B n D 
W and B n+1 = fe^fin). Hence fx : Bx, n +i -> -4a, n and /i 2 : Bn+i -> A n are 
degree 2 covering maps, and we can lift the Tubing to Tx >n +i '■= f x ° X\ „ ° h 2 : 
B n +\ — > Bx.n+i (such that Tx, n +i = Tx. n on B n+ i n B n ). Note that, in the 
case Kx is connected, we can lift the Tubing T x for all n. On the other hand, if 
Kx is not connected, the maximum domain we can lift the Tubing T\ to is B no , 
such that 5a, n contains the critical value of fx- 

3 Properties of the map %• 
3.1 Extending the map x to all of A. 

By [LLj if / is a parabolic-like map of degree d = 2, / is hybrid equivalent to a 
member of the family Peri(l), and if i^T/ is connected this member is unique. 
Therefore, if f = (fx ■ U' x — >• is an analytic family of parabolic-like maps of 
degree 2, the map 

X : M/ Mi \ {1} 
A 5, 

which associates to each A €E Mj the multiplier of the fixed point of the map 
Pa hybrid equivalent to fx is well defined fsee 11.1(1 . 

By Tubings we can extend the map \ to the whole parameter space A. Since 
Tubings are not unique, the extension given here (which follows the one in |DH| ) 
is not canonical, but it is anyway, given a Tubing, the 'natural' one. 

Note that the range of the extension of x to the whole of A is a proper subset 
of C. Indeed, as we pointed out in II. 11 there is no A 6 A such that fx is hybrid 
equivalent to Pq = z + 1/z. Hence the range of the extension of the map x to 
the whole of A does not contain the parameter B — 1, the so-called root. 

Let T x be a holomorphic tubing for the analytic family of parabolic-like 
maps f. Call wj the critical point of fx and let n be such that f x (uJx) £ -4a, 
/" (wa) £ Ax- Hence we can iterativaly lift the holomorphic tubing Tx to 

Tx, n -i '■= fx 1 ° T \,n~2 ° h 2 = A7 ( ™ Tx ° h^~ x : S„_i Bx, n -\ (where 
^2 _1 ' fx ^ are the branches which preserve the dynamics on the overlapping 
domains, see l2.0.5p . 

We can therefore extend the map x to the whole of A by setting: 

X : A \ M f -+ C \ A h 

where $ : C\Mi — > C\D is the canonical isomorphism between the complement 
of Mi and the complement of the unit disk. Since the maps h 2 : B n —i —> A n _ 2 
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and f\ : B\ >n -i —> A\_ n - 2 are degree 2 coverings, the map $ is an isomorphism, 
and the Tubing T\ is a holomorphic tubing (and then quasiconformal in z) the 
map x '■ A \ Mf — > C \ Mi is quasiregular. 

3.2 Continuity of x in degree 2. 

In this section we want to prove that the map x : A ^ C is continuous. Since 
the map \ : A \ Mf — s- C \ Mi is quasiregular, we will start by proving that \ 
is continuous on Mf, and then we will prove continuity on the whole of A. 

For every A £ Mf the parabolic-like map fx is hybrid conjugate to a unique 
member of the family Peri(l). This means that, if /i, // are two different 
Beltrami forms on U\ obtained by spreading by the dynamics of f\, f' x the 
pull back of the standard structure under two different quasiconformal maps 
(f> : A x -> A, and <f>' : A\ — > A, then P A(X) = cjyof^^- 1 and P A '{\) = ^WW" 1 
are in the same class [Pa]- 

For this reason we are free to use a different Tubing T' x = t 1 o : A — > A\ a 
which defines a different almost complex structure (i x on U\ but yields to the 
same class hybrid conjugate to f\. 

We will indeed define a different Tubing, since to prove continuity of the 
straightening map on Mf we will need the Tubing to be a C 1 -diffeomorphism 
in z. Therefore we start by defining a diffeomorphic motion, i.e. a map no 
longer holomorphic in A and quasiconformal in z but a C 1 diffeomorphism in z 
continuous in both (A, z). 

3.2.1 Diffeomorphic motion. 

Let a\ be a family of Ricmann maps a : C \ K\ — > C \ B, normalized by 
aA(oo) = oo and axi'Jxit)) — > 1 as t — > 0. Since we can define locally on R a 
holomorphic motion of the Julia set (cfr. II. 2|) . and Mf C R (cfr. I1.4[) . the family 
q;a is continuous on A. Let /i> : W' x — > Wa be the associated family of external 
maps (see |LLj ) . then h\ depends holomorphically on z and continuously on A, 
i.e. h\ is a continuous family of holomorphic maps. 

Define the dividing arcs r jh x ± = ot\(^\±), and note that the map a\ extends 
to a homeomorphism a\ : 7a — > jhx conjugating the dynamics of f\ and h\. 
Define the set Aj lx = q;a(^4a)- Then the set A} lx is a topological annulus, and 
we call it the fundamental annulus for h\. We will construct a motion of the 
annulus A\ by constructing a motion of the annulus Ah X() ■ 

The holomorphic motion r : A x j4a q — > A\ extends by the A-Lemma (cfr. 
[MSS] - ) to a holomorphic motion of the boundaries r : A x dA \ — > dA\. There- 
fore, the family ajofoa^ 1 : A x dAh XQ — > dA} lx is a family of homeomorphisms, 
(since a a extends to a homeomorphism conjugating the dynamics on the arcs), 
quasisymmetric on Ah X(j \ zq, (where Zq is the parabolic fixed point of h\ ) and 
continuous in (A, z) (see FigfTJ). 

Let us show that the family axoroa^ 1 is quasisymmetric on a neighborhood 
of the parabolic fixed point zq. 

Let S hAo + , Sh Ao _, E hx+ , and S^ A _ be the repelling petals where 7h Ao +, 
7fex -> lh x + , and j hx -, respectively reside, and let <ph Xfl ± ■ 3ft Xo ± ^ and 
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4>h x ± '■ 2/ lA ± — > H_ be Fatou coordinates, normalized by mapping the unit circle 
to the negative real axis. For every A € Mf let mj + , toa- be a sequence of real 
numbers continuous in A, and set ^y Sx + (t) = 4^ + (logd(t) — m\ + i), < t < 1, 
7 SA _(i) = (fa _(logd(—t) + m\-i), — 1 < t < 0. Define for every A 6 Mf the 
translations T(Ao,A)+ = ™-a +« - ™a+« and T(a ,A)- = ~m\ a +i + m\+i. By 
proposition 3.10, (3) there exist a quasisymmetric conjugacy So ■ lh Xa 7s Ao 
between h\ and itself and, for every A, there exist quasisymmetric conjugacies 
8\ '■ Jh x 7s A between h\ and itself. The proof of proposition 3.10, (1) shows 
that for every A the map (fy^ o T(a Qi a) ° 4>h Xa '■ 7sx — ^ 7s A i s a quasisymmetric 
conjugaciy between h\ and /ia- Writing the map ot\ of oa^ 1 ^^ : r yh Xo —> 7ft, A 

as S^ 1 o cjy^ o T(a ,a) ° 0fu o ° ^Oj is now clear that this map is quasisymmetric 
on a neighborhood of the parabolic fixed point zq. 




Figure 1 : Construction of the diffeomorphic motion r' : A\ X Mf A\. 
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Consider the topological annulus A^ x as the union of two quasidisks: Qh x = 

f2/i A \ Sl'hx and A/j A (see Figure [TJ. The sets dQh x and <9A/ lA arc quasicircles, 
since they are piecewisc C 1 closed curves with non zero interior angles. Indeed, 
jh x + and 7/ iA - are tangent to S 1 at the parabolic fixed point (see }LL| ) . and 
we can assume the angles between r yj lx ± and diW\ U B), d(W' x U D) 'close to 
7r/2'-in the sense that we can assume them to be positive and smaller then 7r- 
(we may take parabolic-like restrictions). To obtain a diffeomorphic motion of 
the annulus Ah Xo we construct diffeomorphic motions of the quasidisks Qh Xo 
and Ah A using the Douady-Earle extension. 

Let ipQ x : Qh x — > B, A G Mf be a family of Ricmann maps depending 
continuously on A. and let 4>q x : B — > Qh x be the family of inverse maps. Then 
4>q x depends continuously on A and extends continuously to the boundaries, 
and since dQh x is a quasicircle the family <f>Q x : 8 1 — > dQh x is quasisymmetric 
in z and continuous in (A, z). 

Hence the family of quasisymmetric homeomorphisms <~pq x := 0q a °ct\ oro 
a^ 1 o 4>q Xo : S 1 — > S 1 continuous in (X,z), extends (cfr. |DE| ) to a family of 
quasiconformal maps <£>q a : B — > B, which arc C 1 diffcomorphism on B, con- 
tinuous in (X,z). Then * Qa := Qa o $ Qa o tp Qx() : Qh Xo ~> Q^a is a family 
of quasiconformal maps which are C 1 diffeomorphisms, depending continuously 
on (A, z) (see FigfTJ). 

On the other hand, let tpAhx '■ A/, A — > B be a family of Riemann maps 
depending continuously on A, and let 4>Ah x '■ B — > A^ A be the family of inverse 
maps. Then 4>Ah x depends continuously on A, and it extends continuously to 
the boundary. Moreover, since 9A^ A is a quasicircle, the restriction 4>Ah x ■ — > 
9A; lA is quasisymmetric. 

Define the family of homeomorphisms <fAh x '■= 4>a)i x ° a \°^ ° a \ r j ( t'Ah Xo '■ 
S 1 — > S 1 continuous in (A, z). How we saw before, for every A G Mf, the map 
a\ o t o is a quasisymmetric homeomorphism, hence for every A G Mf 
the map fAh x : S 1 — > S 1 is a quasisymmetric homeomorphism. Therefore the 
family <fiAh x extends by the Douady-Earle extension (cfr. |DEj ) to a family 
of quasiconformal maps $a/u : D — > B, real-analytic diffeomorphisms on B, 
continuous in (A,z). 

Therefore, the family ^a x '■= 4>A X ° ^Ah x ° V'A Ao : A/ IAq — > A/j A is a con- 
tinuous (in both (A, z)) family of quasiconformal maps which are C 1 diffeomor- 
phisms, and which extends to aj o $j o a^ 1 on 7h A + and jh x -- 

Hence we can define a diffeomorphic motion r' : j4a x M/ — > ^4 a as follows: 

!«a 1 ° *Qa ° "A on Q Ao 
"a 1 o *Ah A o "An on A Ao 
$ A on 9Qa H dA\ = jx +[l/d, 1] U 7Ao _[-l/d, -1] 

where $ : A x 7 a — > C is the holomorphic motion of the dividing arcs (sec 11.11) . 
The family t' : ^4a x Mf — > A\ is a family of quasiconformal maps which are 
C 1 diffeomorphisms, and which are continuous as a function of (A, z). 
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We can now define a tubing which is quasiconformal and a C^diffeomorphism 
in z, and continuous in (A, z). 

Definition 3.1. Let us call diffeomorphic tubing the map T := t' o $ : 

Mf x A — > A\, where \& : A — > A\ Q is the quasiconformal C 1 diffeomorphism 
constructed in 12.0.21 

3.2.2 Continuity of \ on Mf. 

Proposition 3.2. On the open set Mf both (fix and Pa x depend continuously 
on A. 

Proof. The proof follows the one in |DHj . We write it here for complctncss. 
Let U C C be compact, (jA n ) be a sequence of Beltrami forms on U and fx be 
another Beltrami form on U, then if: 

1. 3m < 1 : HmIIoo < m an d ||Mn||oo < m Vrt, 

2. fi n — > fi, 

the family of integrating maps (fix converges to <fi uniformly on C (see |Hu| . 
Pg-154). 

Since ||Mn||oo < m Vn on any compact subset of A fsee !2.0.^j) . the continuity 
of the straightening map (and thus of Pa x ) follows by proving that 

Ma ^ Ma as A ^ A . 

Define 

, , _ J Ma,»(z) on A\,i for i < n 
^ n[z) -\ anU x , n = U x \\j;- 1 A x , i 

Then [i\ = lim n -^oofr\,n pointwisc. Since |/i A -MAqIl 1 < I Ma - MA.nli 1 + Ima, k - 
MAo.nli 1 + IAao,™ — MAoIl 1 ; m order to prove fix -4 ^a w e need to prove that: 

(a) MA,n —^ ma as n — > oo 
(&) MA,n ^ MA ,n as A ->• A 

(c) MA ,n ^ MAo as n ->• 00 

Clearly (a) =4> (c), hence we have to prove (a) and (b). Let us start by 
proving (b). 

(b) On Aa the beltrami forms fi\. n and fi\.o coincide (by definition of fx), 
and on Q\ the pull back is done by fx, which depends holomorphically on A. 
Hence to show that for each n, ma,« depends continuously on A in the L 1 norm, 
it is enough to show that /tA,o depends continuously on A in the L 1 norm, i.e. 

J IAa.o - Ma ,o| 0. 

Since: 

Tx : (A Mo) -> (Aa,Aa,o) 
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we can compute 



dzT x (z) 

Since the diffcomorphic tubing T\ is a family of quasiconformal maps which 
are C^diffeomorphism in z and continuous in (A, z), the family of derivatives 
T' x and their inverse (T^ 1 )' is continuous in (A, z). Therefore dzT^ 1 and dzT^ 1 
are continuous in (A, z), and thus /xa,o depends continuously in (A, z). Finally, 
since fi\ t o is continuous and bounded, it depends continuously in A in the L 1 
norm. Therefore fix depends continuously in A in the L 1 norm. 

(a) The fact that jj>\ t „ — !■ /ia as n — > oo follows from the fact that the area 
of Ux, n \ K\ tends to zero uniformly on every compact subset of R. 
Indeed flx,n and fix are different just on Ux, n \ K\, hence 

|MA — /*A,n|ii < SU P Ima(z) - fix.n(z)\ * area{U\. n \ K\). 

Since pL X ,n = on U x , n , and sup z = ||ma||oo = ||ma,o||oo < 1, we obtain the 
following bound: 

IMA - Aa,«|l! < 1 * area(U\ : „ \ K\). 

Therefore, Area(Ux, n \ K\) n — locally uniformly on R implies fi\ tn — ^> MA- 

Remark 3.1. The area of Ux, n \ K\ does not tend to zero on any subset of A 
which intersects F. Indeed for every value of A for which f\ has a non persistent 
parabolic fixed point, the area of U\ iTl still depends continuously on X, but the 
area of K\ is discontinuous. See the pictures below: the pictures on the left shows 
the filled Julia set of the map P\u{z) = z 2 — 1/4, which has a non persistent 
parabolic fixed point, and the picture on the right shows the filled Julia set of the 
map P c (z) = z 2 + c with c = 0.285 + O.Oli. 




Choose Ao G Mf, let W(\q) be a neighborhood of Ao in Mf and consider a 
dynamic holomorphic motion 

t(X,z):W(Xo)xU(J Xo )^C 

(A, z) z x 
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extension to a neighborhood U(J\ ) of J\ of the dynamic holomorphic motion 
of the Julia set constructed locally on R in 11.21 (see ll.3|) . Define U(J\) = 
r A (C/(J Ao )), B\ = U ( J\) U K\ and B' x = f x \B x ). Then, for every A e W(A ), 
(f x , B' x , B x ,j x ) ) is a parabolic-like restriction of (f x ,U' x ,U x ,-f X ). Set V>,o = 

s A \ n^, Vx,„ = fx n (Vx,o) n s A , s A , n = s A \ ur^o 1 Vx,n- 

There exists a neighborhood Vy(Ao)' of Ao with compact closure in W(Xq) 
and p & N such that U X , P C -B A for all A G W^Ao)'. We then obtain Ux, P + n C 

Let us define m n (X) = area(B Xn \ K\). Clearly area(B XtU \ K x ) — 
implies area(U\^ n \ K x ) — ^ 0. 

Since U(J\) = t a ([/(J Ao )), B a = U(J\) U if A and the holomorphic motion 
t(A, z) : W(\ ) x U(J\ ) ^ C is dynamic (hence T X (Vx , n ) = Vx, n ), we can 
write 

m n (X) = / | Jac(r x )\dxdy. 

JB Xa . n \K Xo 

Clearly m„ ^ pointwise. Set [Dt(z)} : T z lI Xo -)• T Tx ^U\, [Dt(z)](u) = 
^(u) + ^(u), then ||£>r A || = su P||z||=1 \\Dr x {z)\\ = |^| + |^| and 

JacT\ < \ \Dt\\\ 2 < KJacT\ 

where K = jjj^j > 1 and /i A = (r A )*/io- Since r A is holomorphic in A, the 
sequence 

n n {\)= [ \\D Tx \\ 2 dxdy, 

JB Xo>n \K Xo 

is subharmonic. Since 

m n <n n < Km n , 

we have that 

1 

— n n < 7tl n < n n . 

Since m„ — > pointwise, then n n — > pointwise. The sequence n n — > de- 
creases, hence it is uniformly bounded on any compact set; and thus it converges 
in Lj oc (Ho) . Since the limit function is constant, the sequence n n — > converges 
to zero uniformly on any compact subset of W^Ao)', and thus m n (X) — > uni- 
formly on any compact subset oi W(Xn)'. 

Therefore on Mf the straightening map (f>\ converges uniformly to <f>\ as 
A — > Ao, which implies that Pa x '■— 4>x ° fx ° 4> x 1 is continuous in A on Mf. 

□ 

3.2.3 Continuity of \ on A. 

Proposition 3.3. The proof is very inspired by the one in WHy . 

Suppose A\, A2 G C, with B\ = 1 — (A1) 2 € dM\. If the map Pa ± and Pa 2 
are quasiconformally conjugate, then (A1) 2 = (A2) 2 . 

Let 4> : U — > V be a quasiconformal conjugacy between and Pa 2 - If 
A'pi is of measure zero, then <fi is a hybrid conjugacy and the result follows from 
Theorem (EE]. 
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Therefore let us consider the case Kp 1 not of measure zero. Define on U the 
following Beltrami form: 



0)>o on K Pl 
on C \ K Pl 



Since <p is quasiconformal, ||/i||oo = k < 1. Therefore we can define on U a new 
Beltrami form [i t = Jit, Vi : \t\ < 1/fc, and we have Halloo < 1- Note that the 
Beltrami form \i t depends holomorphically on t. Let 

$ t : C -> C 

be the family of quasiconformal maps such that ($t)*/io = /-it, $t(oo) = oo, 
$t(— 1) = —1 and $ t (0) = 0. Then the family $ t depends holomorphically on t 
(since fi t depends holomorphically on t), $i = (f> and <E>o = ^d. 

The family of holomorphic maps F t = $ t o P^ o <j>^ 1 has the form F t (z) = 
z + 1/z + -A(t) (since it is a family of quadratic rational maps with a parabolic 
fixed point at z = oo) and it depends holomorphically on t (since the family <E> t 
depends holomorphically on t). 

Then the the map A : t — >• is holomorphic with .4(0) = Ai, hence 

a : t — > B(t) = 1 — A 2 (t) is a holomorphic map. with a(0) = B\ e dM 1 . 
Since a(t) is holomorphic, it is either an open map or it is constant. If a(t) 
is open, since a(0) £ dM\ C Mi, there exists a neighborhood W of such 
that a{W) C Mi. Since a(0) <G dMi, it is impossible. Hence the map a(t) is 
constant, and a(t) = B\, Vt. In particular, for t = 1, we have a(l) = Pi, and 
Fi=P Al . 

Therefore the map (f) o ^j -1 is a quasiconformal conjugacy between Pa 1 and 
Pa 2 , with o $J" 1 )*/i = /Uo 011 -Kiv Hence the map <f> o (f)^ 1 is a hybrid 
conjugacy between P^ and Pa 2 j and then (Ai) 2 = (A2) 2 by |LL] , 



Proposition 3.4. Choose Ao 6 A and let (A„) be a sequence in A converging to 
Xq. Then there exists a subsequence (A£) = (Afc n ) smc/i £/ia£ £/ie maps Pa* con- 
verge to a map Pa and such that the 4>\* converge uniformly on every compact 
subset of U\ to a quasi- conformal equivalence <j) between f\ and P A - 

Proof. The proof follows the one in [DHj . We write it here for completness. 
Choose Ao € A and let (A„) be a sequence in A converging to Ao- Let <j>\ n be a 
family of hybrid conjugacies between f\ n and Pa„ ■ The <f>\ n are quasi-conformal 
with the same dilatation ratio, as they are uniformly quasiconformal, and hence 
they form an equicontinuous family (see [2] Pg-49, or |Hul pg. 129). 

Since the <j)\ n are equicontinuous, there exists a subsequence 0a* which con- 
verges to some quasiconformal limit map <j) when A — > Ao- Hence: 

r A— >Ap p 

, A— J-Ao T 
<t>\l — ► <t>- 

Therefore 

P K X ^A° P A , 

where P A = 4>° ho° ■ 
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Remark 3.2. Note that the limit (ft of a subsequence (j>\* of hybrid conjugacies 
between the maps fx* and Pa* is just a quasiconformal conjugacy between the 
limit maps f\ and P. Indeed, when X n — > Ao with X n £ Mf and Xo G dMf, 
the filled Julia sets of the maps belonging to the subsequences f\* and Pa* are 

without interior, while the filled Julia set of limit maps f\ and P may have 
interior: d(ftx* k — on a measure zero set does not imply d(ft = on a set with 
positive measure. 

□ 

Proposition 3.5. The map \ : A — > C is continuous. 

Proof. The proof follows the one in jDHj . We write it here for completness. 
By prop l3.2l the map x is continuous on R. Let A„ G A be a sequence converging 
to a point Xq E F. Let us show that we can choose a subsequence A* = A rlfc 
such that the map x(KJ converges to x(-^o)- 

Let Pa be a representative of the class in Perx(l) hybrid equivalent to f\ , 
and let us show first that x(-^o) belongs to dM\. Let A m be a sequence in / 
converging to Ao. By lemma there exists a subsequence A* n = X mk such 
that P x (\* ) converges to a P x (m) quasiconformally equivalent to f\ . For all m 
the map f\ m has an indifferent periodic point, hence Pa x(a ) has an indifferent 
periodic point and thus x(^m) belongs to dM\. Therefore, the limit x(™) = 
Hm(x(X m )) belongs to dM\. Hence P x (fh) is quasiconformally equivalent to 
Pa and x(™) 6 dMi, thus by Prop l3.3l P x {m) and Pa are in the same class. 
Therefore x(^o) belongs to dM\. 

Now let (A„) G A be a sequence converging to Ao- By the previous lemma, 
there exists a subsequence (A£) such that: 

, A— >A 7 
0A* > <P, 

and 4> is a quasiconformal conjugacy between f\ and Pj = (ft o f\ a o (ft^ 1 . 
Therefore f\ is quasiconformally conjugate to both and Pa - Hence by 
proposition 13.31 P^ and Pa are in the same class of Peri(l). Therefore the 
subsequence x(^n) converges to the limit x(^o) 5 and finally the map x is con- 
tinuous. □ 

3.3 Analicity of x on the interior of Mf. 

In this section we prove that the map x : A — > C depends analytically on A for 
A G Mf (Corollary l3TT]l. and that for all A G Mi \ {1}, X _1 (^) is a complex 
analytic subset of Mf. 

Proposition 3.6. Let f = (fx ■ U' x — > U\) be an analytic family of parabolic-like 
maps of degree 2 parametrized by A and g = (g L : V[ — > V u ) be an analytic family 
of parabolic-like maps of degree 2 parametrized by I, where A«D, / w D. Let 
Wi be a connected component of Rf contained in Mf, Wi a connected component 
of R g contained in M g . Then the set F C W± x Wi of those (A, t) for which f\ 
and g b are hybrid equivalent is a complex- analytic subset ofWi x Wi. 

Proof. The proof follows the one in |DH| . with the differences given by the 
geometry of our setting. 
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Choose to G W2 and let T g : I x A —> A L be a holomorphic tubing of {g L )i^i 
(see 12.0.5)) . This defines a dividing arc 7 and a fundamental annulus A for /12 
(see 13. 2p . Choose Ao £ W\ and let A' be a neighborhood of Ao in W\. For 
every A in A', let E x+ and E\ + be the repelling petals (for the parabolic fixed 
point z\ of fx) where 7a+ and 7a+ respectively reside, and let 4>\ '■ ^a — > H_ 
be repelling Fatou coordinates. If necessary, take a parabolic-like restriction of 
fx such that, for all A G A', U Xa C U\ and there exists U+ neighborhood of 
7A+(l)n9J7A in dU\ and a horizontal strip in each Fatou coordinate plane, such 
that <fi\+(U+) crosses this strip once and without horizontal slopes, and there 
exists U- neighborhood of 7a~( — l)CidU\ in dU Xo and a horizontal strip in each 
Fatou coordinate plane, such that <f> x _(U-) crosses this strip once and without 
horizontal slopes. Redefine for all A £ A' the set U' x = f x (U Xo ). Let <f>h be 
Fatou coordinates for /12, and redefine the dividing arcs 7a as 7a := (j)^ 1 °4>h(sy)- 
Hence for all A £ A', the new dividing arcs are isotopic to the original ones. 
Note that this redefines the holomorphic motion of the dividing arcs <&a ° n 
A' as $a(7a ) = 0a 1 ^Ao(7a )- Then for all A e A', f x : U' x U x „ is 
a parabolic- like restriction of (f x ,U' x ,U x ,j x ). Note that the boundaries still 
move holomorphically. Indeed, the range is constant and the domains move 
holomorphically since f\ depends holomorphically on A. Let ^ X(i : A — > A\ be 
a quasiconformal C 1 diffcomorphism whose restriction ^Ao : 7 ~ ^ 7a conjugates 
dynamics (the costruction of is given by 12.0.21 the only difference is that 
$A An is a quasiconformal map C 1 diffeomorphism which here extends on 7a by 
0ft 1 ° </>a(7a))- Let f : A' x d(U Xo \ H' Xq ) -> d(U Xo \ ft' x ) be the holomorphic 
motion given by t\ 9Uxq = Id, t\ 1Xq = $ A , and T\ du ^ ndnx = f x x o f Xo (where 

f x x is the branch which preserves the dynamics on the dividing arcs). Finally 
let r : A' x A Xa —> A x be the restriction to the fundamental annulus A Xo of the 
extension (given by the Slodkowski theorem) to C of the holomorphic motion 
f. Hence Tf := f o *f? Xa : A' x A — > A x is a holomorphic tubing. 
Define for any (A x 1) £ A' x I the map (see Figure [2]): 

8 M := T g o TJ 1 : I x A' x A x A L , 

and define for any t G I the map: 

5 {L) := <5 A , t ot x =T 9 o l^ 1 : / x A Xo -> A L 

In order to prove that the set T of those (A, l) for which f x and g L are hybrid 
equivalent is a complex-analytic subset of W\ x W2 we will now prove that: 

1. For every (A, t) £ A'x /, the map Sr X A defines an almost complex structure 
on £7a which depends holomorphically on (A, t); 

2. the set of (A, t) for which the map S( X a : A x — > A L extends to a holomor- 
phic map a : U Xo — > U L which conjugates f x and g b equals T; 

3. the set of (A, l) for which the map <5(a,i) : -^-a — ► A L extends to a holomor- 
phic map a : U Xo — > U b is a complex analytic subset of A' x Wi- 

Remark 3.3. By costruction, for every A £ A' the range of the parabolic-like 
restriction of f x is U Xo . The fundamental annulus of f x is still dependent on A, 

since it is A x = U\ \Q' X . 
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Figure 2: Construction of the maps <5(a,i) 
S M ~ 7(A,o o r x = T gi o : A' x Aj Xq -+ A g 



:= T a . o T 
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A' x /' x Af x 
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(1) For every A G A' \ A define on U\ a the following Beltrami form: 

!^A, t ,o = (<5(A, t ))*Mo onij 
(/ ( l t) )V A , t , on^ /A ,„ = /-" t) (^ /A ) 
on A7 A 

where in this case the map /(a.i) which spreads the Beltrami form ^a,i,o depends 
on both (A, t), and it is defined as follows: 

7 ( a (*) = ( 5 m°^ oS m 011 Aa ' 

[ /a on n' x 

where g L is as in l2.0.2l Note that, even if f(\ tL ) depends on both (A, t), its range is 
still U Xo . Indeed^ 1 (A^) = A' w , T 9i (A' w ) = A', 5t (A'J = A t , T 9t (AJ = A w 

and finally Tf x (Aw) = Aa (see Fig. [2]). For Ao define on U\ the following 
Beltrami form: 

(f^T^o onA f , o>n = h~ n {A fXo ) 
on K fxo 

Let us show that for every z 6 J7a the map 

Z? t (z) : / — ► i°°(C/A ) 
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L -> (z -> I/ W (2)) 

is complex analytic in t. Indeed, 6*(/x ) = (T St o *~ 1 )*(// ) = {^x )*(T*^o), 
and calling \i L = T*^(1q, the map 

i -> /J t (z) 

is complex analytic in t for every z£i, since T g is a holomorphic tubing. Since 
the map ^Xo does not depend on A, the family of Beltrami forms V h o = v &*(/i t ) 
still depends holomorphically on t for every z G A\ . Since on the Beltrami 
form v L fi is spread by the dynamics of f\ (which does not depends on A nor on 
i), and on A\ it is constant, the Beltrami form v L still depends holomorphically 
on l for every z G U\ . 

By the Measurable Riemann Mapping theorem with parameters, there exist 
charts 9 L : IxU\„ — > C depending analytically on l which integrate the Beltrami 
form v L . On the other hand, there exist charts 9\. L which integrate the Beltrami 
form v\ >L , and by construction the following diagram commutes: 

A' x I x A\ (/d,/d,7A) ) A' x 7 x A\ Q 

\(ide b ) U\,> (!) 

A'x/xC (M - M ' M \ A'x/xC 

The fact that the previous diagram commutes implies that the following 
diagram commutes: 

A' x I x A Xo {Id ' 5l \ A'x/xA 

|<5a,, ( 2 ) 
A'x/xC < 0X A' x I x A\ 

hence S L o = 5 X . L o 9V 1 . This finally means that, since S L o 9~ 1 depends 
holomorphically on the parameter l, the map 5\^ L ofl~| depends holomorphically 

on the parameters (A, t), even if 5\ >L oOZ 1 depends a priori on (A, l) while 8 L o9~ 1 
depends only on i. 

Let us now return to integrating the Beltrami form u\ it . The next lemma 
says that, if (A, i) G T there exists an integrating map ot{x,u) which conjugates 
fx to g L . That is, if (A, t) G T, there exists a map ct(\, L ) ■ U\ —> C such that 
a *x,i)(^o) = v\,<,, extending (5 (Ajt) and conjugating f\ and g L . 

Lemma states that the set of (A, l) such that the map <5(a,i) extends to a 
map Q!(a,(.) : U\ — > V L holomorphic with respect to 9 (i.e. the set T) is a complex 
analytic submanifold. 

Lemma 3.1. Recall that T := {(A, t)| fx and g L are hybrid equivalent}. For 
any (A, i) G A' x W2 the following conditions are equivalent: 

1. (A,0 er, 
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2. there exists an isomorphism 

a = «(A,(.) : U\ ->■ C 
(K,Mo) 

extending 5/\a and conjugating fx and g L) 

3. there exists a map a : Ux C holomorphic with respect to vr\ t ) and 
extending 6r\A ■ 

Proof. To see that 2 implies 1 it is enough to remark that a is a conjugacy be- 
tween fx and g L conformal with respect to vn t ), and thus fx and g L are hybrid 
equivalent. To see that 2 implies 3 note that an isomorphism with respect to 
V{x.l) is a holomorphic map with respect to V(x,i)t and for all i g I, V,, G C. 

Let us show that 1 imples 2. Let /3 be a hybrid equivalence between fx and 
g, . Define the map a : U\ — y V L as follows: 

r r *° r A _ ° n ^/, 

a(z):=i gr n °T g ^oT^ofZ on B fx>n 
{ f} on K fx 

where fx, g L are as in 12.0.21 and the sets -B/ A ,n and the lift of the Tubing are 
constructed in 14.51 Then a is a hybrid conjugacy between fx and g L which is 
holomorphic with respect to V(x,C\ outside of Kf x . By jLLj . since A' € Mf and 
W2 G M g , the map a is an isomorphism with respect to ^(a,i) conjugating fx 
and g L , and it extends <5(a.i) by construction. 

To show that 3 implies 2 we need to prove that the map a : Ux — » C is an 
isomorphism, i.e. that it has degree 1. To count the number of preimages under 
the map a it is enough to calculate the winding number of the image by a of 
a loop around a point belonging to U\. Since a is a holomorphic extension of 
5(X,i)i this is the winding number of the image by ^(a,i) of a loop around a point 
in Ax, which is 1 since <$(a,i) = T 3l o TJ . □ 

Lemma 3.2. The set of (A, t) smc/j i/iai i/*e map 8 : Ax —> A L extends to a map 
oex,L '■ Ux — > V holomorphic with respect to 0(x,i)> * s a complex analytic subset 
of A' x W 2 . 

Proof. The set of (A, u) such that the map 5 : Ax — > A L extends to a map 
ctx.L '• Ux Vi holomorphic with respect to $(a,i)i ^ s ^ ne se ^ °f ('VO sucn that 
the map ft-(A.t) : = 5\. L o 9^\ : 6\_ L {A\) — > A L extends to a holomorphic map 
axu.o9ll:9xAUx)^V L . ' 

Let D\ CC D2 be C 1 Jordan domains in 9x, L (Ax) such that D2 \ D\ C 
^(A L ) for all (A, i) G A' x /', where A' x /' is a neighborhood of (Ao,to) 
in W\ x W-2- Let 72 be the anticlockwise oriented Jordan curve which bounds 
D2 and let 71 be the anticlockwise oriented Jordan curve which bounds D\. 
Define F(z) = i f cfa;, and G(z) = JL, f ^'"'"' fe. Hence, by 

the Cauchy integral formula, on D2 \ D\, h(x,i.){ z ) = — G(z). 
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It is clear that, if G = 0, /in o(z) = i 7 '(z) on L>2 \ -Di, hence hr\A = F and 
therefore ht\,i.) extends holomorphically (and the extension coincides with F) 
on 9\, L (U\). On the other hand, if hni.) extends holomorphically on 0\, L (U\), 

by the Cauchy integral formula, on D 2 , h^,i) = 2TI § l2 ^=f^ dw = F ( z )> 
hence fo(A,t.) = an d thus G = 0. Therefore, to prove that hi\A extends 
holomorphically on 0\, L (U\), we need to prove that G = 0. 
We have: 

G{z) = i£ hj ^ Ldw = ds£ hMiw) • = 

since (-I E - o(f) n) = ^ 



i 1 n— n— 



Set 



we obtain 



1 00 1 f 

h (\,L)(w) ■ w n dw, 



1 



71 



G(z) 



z n+l ' 

hence G = if and only if Vn > 0, 6„ = 0. Since all the b n are holomorphic 
maps in (A, t), this is a complex analytic set. Since the set of (A, t) for which 
/i(A,t) extends holomorphically to 6(U\ ) is the set of (A, t) such that the map 
S : A\ — > A, extends to a map aA,<, : U\ V L holomorphic with respect to #(a,i)) 
we obtain that this is a complex analytic set. □ 

Since this set is T, we obtain that T is a complex analytic subset of W\ x 
W 2 . □ 

Corollary 3.1. The map x\ '■ A — > B depends analytically on A for A £ Mf. 

Let us apply the previous proposition to fx, AG Mf and Pa, B = 1 — A 2 £ 
Mi \ {1}. Since the graph of xx is the set of (A, B) for which f\ is hybrid 
equivalent to Pa, this is a complex analytic set, and therefore xa is analytic on 
Mf. 

Corollary 3.2. If A £ Mi \ {1}, then x -1 (A) is an analytic subset of Mf. 

Let B = 1 — A 2 £ Mi \ {1} and consider the constant family Pa = z + - + 
A, A£C. Since B = 1 - A 2 £ Mi \ {1} the subset R for this family is all C. Let 
fx be an analytic family of parabolic-like maps parametrized by A, A m B. Then 
the set {(A, A) | f\ is hybrid equivalent to Pa} is an analytic subset of Mf x C 
by the previous proposition. Since {(A, A) \ f\ is hybrid equivalent to Pa} — 
X^ 1 {B) x C, we obtain that x _1 (-B) is an analytic subset of Mf. 
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4 The map \ '■ A — > C is a ramified covering from 
the connectedness locus Mf to M\ \ {1}. 

The aim of this thesis is to prove that the connectedness locus of an analytic 
family of parabolic- like maps is a ramified covering of M\ \ { 1 } . In order to prove 
that the map \ '■ A — > C restricts to a branched covering from the connectedness 
locus Mf to Mi \ {1}, we need to prove that: the map x '■ Mf — y Mi \ {1} has 
a degree, and that it is a ramified covering. Then we need to have a notion of 
degree and of ramified covering. Set B = x(A). 

4.0.1 Degree. 

Let X, Y be oriented topological surfaces and <j> : X — > Y be a continuous map. 
If (j) is proper, and X, Y are connected then <f> has a degree. Indeed, since (j> is 
continuous the induced map (/>» : H 2 (Y) — > H 2 (X) is a homomorphism, since 
X, Y arc surfaces H 2 (X) w Z, i? c 2 (F) « Z (see (Hj pg.134), and since is 
proper the induced map : H 2 (Y) — > H 2 (X) is of the form: 



for some integer d depending only on <fi, which is called the degree of 0, deg0. 

On the other hand, if X, Y arc oriented topological surfaces (or open subsets 
of C), 4> is proper, X, Y are connected and for all y 6 Y, 4>~ 1 {y) is discrete, 
then 4>^ 1 {y) is finite (since <fi is proper) and the following formula holds (see [H] 



where i x {4>) is the local degree of <f> at x, which is defined as follows: choose 
neighborhoods U, V of x, y respectively, homeomorphic to D and such that 
4>{U) C V and {x} = 170 (p^ 1 (y). If 7 is a loop in U \ {x} with winding number 
1, then i x (<p) is the winding number of ^(7) around y. 

Remark 4.1. Note that, if X and Y are closed sets, <j) is proper, X, Y are 
connected and for all y £ Y , 4>~ 1 (y) is discrete and finite, the equality deg0 = 
J2x^<p~ 1 (y) ix(4>) does not hold in general. As a counterexample, set X = D(a, r) C 
C, where a 7^ 0, \a\ < r, and <fi(z) = z 2 . Then <fi is proper because X is compact, 
Y = 4>{X) is compact because <f> is continuous, but deg^> 7^ ^2m^<f>- 1 (y) *^( ( / ) )- 
On the other hand, let xo 6 D(a,r), and set yo = 0(#o). Since xq £ D(a,r), 
xo(~\dD(a, r) = 0, hence yoC\<f>{dD(a, r)) = 0. Therefore, there exists a neighbor- 
hood V w D ofyo in Y such that Vr\<fi(dD(a, r)) =0. IfU is the connected com- 
ponent o/0 _1 (F) containing yo, since <fi~ 1 (V)ndD(a,r) = %, U DdD(a,r) = 0. 
The set U contains yo, then U C D(a,r), therefore <f> restricts to a proper map 
4>\U : U V such that deg c/)\u = J2 x e<t,- 1 (y)nu ^{4>)- Note that deg4>\u can be 
one or two. If {xo} = U D <fi (yo), deg<f)\u = 2 only if xq is a critical point. 

4.0.2 Ramified covering. 

Definition 4.1. Suppose X, Y are topological spaces. A map p : X —> Y is a 
covering map if the following holds. 



a — > da 



pg. 136): 




x£<f>~ 1 (y) 
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Every y 6 Y has an open neighborhood V such that its preimage p 1 (V) 
can be represented as 

p-\V)=\JU j , 

where the Uj, j G J are disjoint open subsets of X, and all mappings p\u j : 
Uj — > V arc homeomorphisms. In particular p is a local homcomorphism. 

Definition 4.2. Suppose X, Y are topological spaces. A map p : X — > Y is 

a branched covering map if every j/GY" has a punctured neighborhood V such 
that p : p _1 (V) — > V is a covering map. 

Definition 4.3. Suppose X, Y are topological spaces, and p : X -> V is a 
branched covering map. A point x G X is called a branch point if there is no 
neighborhood U of x such that p|[/ is injective. 

4.1 The map x '■ A — >• C is orientation preserving. 

Let us remind that so far we proved that the map x : A — > C is: 

1. continuous, 

2. quasircgular on A \ Mf and analytic on Mf, 

3. for all A G Mi \ {1}, x _1 (^4) is an analytic subset of Mf. 

Hence, if x 1S n °t constant, for every y £ £>, X _1 (y) i s discrete. Let us see that, 
for every x S A, i x (x) > 0- 

Theorem 4.4. Let f = (fx)xeA be an analytic family of parabolic-like mappings 
of degree 2. // £/ie mapping \ '■ A — > C defined using some holomorphic tubing 
T of f is not constant, then for every x £ A, > 0. 

Proof. The proof follows the proof of topological holomorphy of x over M in 

EH]. 

We can distinguish 3 cases: 

1. A € R, x(A) = S e Mi or B e S \ M x . Since the map x : A ->■ C is 
analytic on M/, and quasircgular on A \ M/, «a(x) > 0. 

2. A G Mf, B G 9Mi. Since x is holomorphic on M/, x is open or it is 
constant. If x is open there exists a neighborhood A' of A in Mf, such 
that x(A') C Mi. Since B = x(A) G dM\, this is impossible. 

3. A G F, B G dM\. Let D be a disc in A containing A and no other point 
of x^ 1 (B). Set 7 = dH>. Since A G F, there exists in ID a A' such that f\> 
has an attracting periodic point and B' = x(A') is in the same connected 
component of B. Hence i\(x) = Sae^-^BMnB ^x(x) > 0, because every 
term in the sum is positive, since x is holomorphic at A', and there exists 
at least one term in the sum, which is A'. 

□ 
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Proposition 4.5. Letf= (Ja)agA be an analytic family of parabolic-like map- 
pings of degree 2, and \ : A — > B be as in \3.2\) . then: 

1. VA e A there exist open connected neighborhoods U of A and V of B = 
x(A), with compact closure in A and B respectively, such that x restricts 
to a proper surjective open map x\u '■ U —> V of degree d = i\(x)i 

2. if d = 1 the map x restricts to a homeomorphism x '■ U — > V . More 
generally, we can write x\u as ir o f, where ir : V — > V (V w Dj is o 
d-fold branched covering of V ramified above B (i.e. a branched covering 
with branched point B such that n(B) = B), and f : U — > V is a home- 
omorphism. The mapping f is a lift of x into ir, and thus restricts to a 
homeomorphism of U onto ■n~ 1 (V). 

Proof. The proof follows the one in the context of topological holomorphy 
of 0E\ . 

Let A € A, B = x(A) and U be an open and connected neighborhood of 
A, U C A such that A = x^ 1 (B) n U. By 14.0.11 if x\u is proper, then 
d e §X|c/ = 'Y^\ex~ 1 (B)nu *a(x)- Hence we just need to prove that the map 
X\u is proper. 

Since C is a metric space, for all A e A there exists a compact neighbor- 
hood C of A such that C C A. Let C be a compact neighborhood of A such 
that {A} = Cflx^H-B). Since C is compact, \ '■ C — > K = x(C) is proper, 
and since x is continuous, K is compact. The set C is a neighborhood of A, 
then A i dC, and since {A} = CHx" 1 ^), Bn X {dC) = 0. Since i x ( X ) > 
we can assume, taking C small if necessary, that Ind x ^c) {B) = *a(x) > 0, 
so that C \ x(dC) has a bounded connected component homcomorphic to 
a disc containing B. Therefore, there exists V open neighborhood of B 
homcomorphic to a disc such that V D x(dC) = 0. Let U be the con- 
nected component of X _1 (^) containing A. Then x _1 (^) f~l9C = 0, hence 
U ("1 dC = 0, and since A € U, U C C. Therefore the map x\u ■ U ->■ V is 
open and proper of degree d = i\(x)- 

2. By the lifting criterion, (cfr. [H] prop 1.33 pag. 60), if p : (X, x ) — > (Y, y ) 
is a map with X path connected and locally path connected, and n : 
(Y, yo ) — > {Y, Uo) is a covering space, then a lift p : (X, x ) — > (Y, yo) exists 
if and only if p*(tti(X,xo)) C tt*(tti(Y ,y )). Then we need X*(( 7r i(^ \ 
{A})) C 7r H ,(7Ti(V r \ {B})). Note that, by (1), x induces a proper surjective 
map between U and V of degree d = i\(x)- Hence, since tti(U\{\}) = Z = 
7Ti(y\{B}), the mapping x* ■ iri(U\{\}) — > ir 1 (V\{B}) is multiplication 
by the integer d = i\(x)- Similarly, tti(V \ {B}) = Z and the map 
7T* : tti(V \ {B}) — > tti(V \ {B}) is multiplication by the integer d, since 
7r : V — > V is the projection of the d- folder cover of V. Therefore x* (tti (U\ 
{A})) = dZ = 7r*(7Ti(V"\ {-§})), and finally there exists a lift of x to tt. By 
openess / is a homeomorphism, and then if d = 1 the map x restricts to 
a homeomorphism x '■ U — > V . 

□ 

Corollary 4.1. In the notation of the above Proposition, the critical points of 
X, i.e. the points of A where i\(x) > L form a closed discrete subset of A. 
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Proof. Suppose A 6 U fl A is a critical point. If q € J7 n A and q / A, then 
*<z(x) = *<?(/) = 1 (since / is a homeomorphism and it is ramified only above B). 
Indeed by prop. 14.51 x(o) = tt° f = n ^ B, and since n is a covering branched at 
B, there exists a neighborhood U(n) in F such that 7r -1 (Z7(ri)) = U, e j ^ji an d 
all mappings 7r|c/^ : Uj — > U(n) are homeomorphisms. In particular */( 9 )( 7r ) = 1 
and thus i q (x) = *g(/)*/( g )( 7r ) = *<?(/)• Trivially, this set is closed since its 
complement (the set of points of A where i\(x) — 1) is an open set (indeed if 
A' 6 A has i\'(x) = 1, then here exists a neighborhood U(X') of A' such that 
Vz 6 U(X'), i z (x) = !)• Hence A is the only critical point in U PI A. □ 

Proposition 4.6. Lef M &e a closed and connected subset of B, and P = 
X^ 1 (M). If P is compact, then x restricts to a proper map x ■ P — > M, and: 

1. For any m € M, set d rn = Z) p g x -i( m ) h(x)- The number d = d m is 
independent of the choice of m £ M. 

2. There exist neighborhoods V of M in Y and U of P in X such that x 
restricts to a proper mapping \ : U — > V of degree d. 

Proof. [5] The proof follows the one in the context of topological holomor- 
phy of [DH] , 

Since P is compact. P C A C C, and P n dA = 0, the distance r = 
dist(P, dA) is positive. Let TV be a closed neighborhood of P in A with 
dist(P, dN) = r/2 = dist(N, OA). Hence P C N c A, and x ■ N x(N) 
is proper. Since P = X~ X {M), and OP n ON = 0, dM n x(57V) = 0. 
Call V the connected component of B \ x(dN) which contains M, and set 
U = X -1 ^) niV = X _1 (t/)n iV. Then ndiV = 0, hence U C N. 

Therefore the map X\jj '■ U — > V is proper. The map x is continuous, 

hence, since V is connected, t/ is the union of connected components. Let 
us set U = U • tX,- . The restriction x : t/j — >• V is then a proper map 
between connected sets, thus it has a degree, which we call dj. Note that, 
for all j, dj > 0. Therefore x '■ U — > V has a degree: 

d = degX|i> = 

j 

Aloreover, since C7, V open, x '■ U — > V proper and for every v € V, 
X _1 (w) is discrete and finite, 

d = dcgX|£r= iu ^- 
«6x _1 (t')nc/ 

[T] The map x '■ U — > V is a proper map of degree d, M C V, P = 
X~ 1 (M), and P C U. Hence for all m G M, e? = degxic/ = dcgx|p = 
E p e x -i(m)nP 'pM' 

□ 
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4.2 The map \ is a branched covering from a neighbor- 
hood of Mj to a neighborhood of Mi \ U(l). 

As we saw in II. II and in 13.21 the range B of the map x is n °t the whole of C, but 
a proper subset of C, because there is no A S A such that f\ is hybrid equivalent 
to Pq = z + 1/z. Hence Mi ^ B, since the root B = 1 does not belong to B. 
However, we could hope that, for all B £ B, either 

1. B Mi as B -> dB, or 

2. B -> 1 as B <9i3. 

Indeed this is the case under appropriate conditions (e.g. the following one). 

Definition 4.7. Let f = (f\ : U' x — )• [/\)agA be an analytic family of parabolic- 
like maps of degree 2, such that, for A — > dA: 

1. A ^ M f or 

2. *(A)->1. 

Then we call f a nice family of parabolic-like mappings. 

If f is a nice family of parabolic-like mappings, for every U(l) neighborhood 
of the root of Mi, setting K = Mi \ U(l), C = x _1 (A) is compact in A. 
Indeed, if C is not compact in A, then there exists a sequence (A„) G C such 
that A„ — > dA as n — > oo. On the other hand, for all n, x(A n ) £ K. Let x(A nfc ) 
be a subsequence converging to some parameter B. Since K is compact, the 
limit point B belongs to K C Mi \ {1}. This is a contradiction, because f is a 
nice family of parabolic-like mappings. Therefore C is compact in A. By prop 
14. 6f 1) the map \ restricts to a proper map \ : C — > K of degree T> > 0, in fact 
by prop |4.6f 2) there exist neighborhoods U of C in A and V of K in B such that 
the restriction x '■ U — > V is a proper map of degree V. Moreover, the following 
theorem shows that the restriction x '■ U — > V is a degree T> branched covering. 

Theorem 4.8. Given a nice family of parabolic-like maps fx.xeA^n, the map 
X '■ Mf —> Mi \ {root} is a degree T> > branched covering. More precisely, 
given Mi \U(l) C K C B compact and connected with £ K, there exists a 
V neighborhood of K in B such that the map x '■ U = X~ 1 (V) ^ V is a degree 
T> > branched covering. 

Proof. We want to prove that, for all y S V, there exists a punctured neigh- 
borhood V*(y) of y in V such that \ '■ X _1 (^*(y)) ~* V*(y) is a covering 
map, i.e. for all z € (V*(y)) there exists a neighborhood V(z) of z in V such 
that x~ 1 (V( z )) = {Jj e jUj, where Uj, j £ J are disjoint subsets of ?7, and all 
mappings x\iJj '■ Uj -> are homeomorphisms. 

By Proposition 14.61 the map x '■ U — >• V" is a proper map of degree P. Let 
y 6 V. By the corollary of Prop. 14.51 the set of x G A with > 1 is a closed 

discrete set, hence there exists a punctured neighborhood of V*(y) of y in V 
such that, for all x <E x _1 (^*(2/)), *x(x) = 1- Call U*,...,U^ the preimages of 

V*(y). 

Let z e V*(y), and let zi,...,z-p be the preimages of z in U*,...,U^ re- 
spectively. Hence, by Prop. I4.5IT ). for all i < V there exists neighborhoods 
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U{zi) C U and Vi(z) C V of Zi and z respectively such that the map x induces 
a homeomorphism x '■ U{zi) — > Vi{z). 

Define V(z) = f)i V i( z ), tnen X^i^iz)) = Uo<i<x> where the Ui are 
disjoint subsets of U, and all mappings x\ut '■ Ui V(z) are homcomorphisms. 

□ 

Corollary 4.2. Given B 6 Mi \ {1}, £/iere exists a neighborhood V(B) such 
that x~ 1 (V(B)) — > V(S) is a degree T> branched covering map. 

Proof. Let -B G Mi \ {1}, and assume first that B is not a critical value for 
the map x- Let zi,...,z& be the preimages of B under the map x-i an( i let 
U(z\), U(zt>) and V^(-B) be neighborhoods of Zi,...,Zd in A and of B G 
Mi \ {1} respectively given by Prop. ICTl). Set 7(B) = fl^O 8 )- Then 
X _1 (U(.B)) = Uo<i<r> ^> wnere ! f° r all < i < £>, the Ui are disjoint subsets 
of A, and the restrictions x\iii '■ Ui — > V(B) are homeomorphisms. 

If B is a critical value, let V*(B) be a puntured neighborhood of B in 
B e Mi \ {1} such that for all z E V*(B), i z ( X ) = 1. Then, for all z G V*(B), 
z is not a critical point of Xi arL d the result follows from the first part. □ 

We call T> the parametric degree of the family f, as opposed to the degree of 
the family, which in this case is 2. If V = then Mf is empty. If V = 1 then x 
restricts to a homeomorphism Mf — > Mi \ {root}. 

Call u>\ the critical point of f\. Set C = x _1 (^)- Next proposition tells us 
how to compute the parametric degree T> of the family f. 

Proposition 4.9. Given a nice family of parabolic-like maps /a.A6A«Dj md 
a compact set M\ \U(1) C K C the degree T> of the branched covering 
X'U^V (where V is a neighborhood of K in B and U = x -1 ^)) is equal to 
the number of times f\{u)\) — wa turns around as X describes dC . 

Proof. Let us remember that for every A the map Pa — z + 1/z + A has two 
critical points: z = 1 and z = — 1. After a change of coordenatcs we can assume 
z = 1 is the first critical point attracted by oo. Hence for all A G C, z = — 1 is 
the critical point in the parabolic- like restriction of Pa (see the proof of ??). 

The proof follows the one in |DHj . 

Let uj\ be the critical point of f\ . Choose Ao such that /a {oj\ a ) = lo\ . Let 
[Pa ] be the member of the family Peri(l) hybrid equivalent to f\ . Therefore 
P±A {— 1) = — 1- An easy computation shows that x(^o) = B = 0. This means 
that the multiplicity of Ao as zero of A — > x(A) is the multiplicity of Ao as zero 
of the map A — > f\(uj\) — uj\. Hence V = X)asx _1 (o) * a W is the number of 
zeroes of the map A — > f\(uj\) — lu\ counted with multiplicity. □ 
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